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Abstract 

■ Let (T, h) and (M, tp) be two Riemannian manifolds and 

Q; (J 1 (T,M),S = h + ip + h" 1 * v?) 

|i , the first-order jet fibre bundle, endowed with Sasakian-like metric S, associated 

to these manifolds. Developing our ideas from jjj], [^o[, we show that a given 
first-order PDEs system on J (T, M), and the Riemannian metric S, determine 
an ElcctroDynamics Metrical Multi-Time Lagrange Space 

PDEsEDMLp = (J l (T,M),L), 
> ' 

[ where L : J 1 (T, M) -» i? is a quadratic Lagrangian function of electrodynamics 

<^^i type M, In this new geometrical structure, all C 2 solutions of the starting PDEs 

CNj ' system become harmonic maps, being extremals of a least squares problem of 

variational calculus. Our ideas are structured in the following way: 

1) we find a suitable geometrical structure on J 1 (T, M) that convert the 
solutions of a given PDEs system into harmonic maps (Section 1); 

2) we build a natural geometry induced by a such PDEs system (Section 2); 



o 

■ 3) we construct a field theory, in a general setting, naturally attached to this 

PDEs system (Section 3). 

S Consequently, we give a complete answer to our generalization j^], of a 
problem rised by Poincare, studied by others, but unfinalized for a long time 
t because of the absence of a suitable geometrical structure. The Poincare problem 

• »H . was solved recently by the first author jf8| , using the Lagrangian Geometry |J . 

Mathematics Subject Classification (2000): 53C43, 53C07, 37J35, 83C22. 
Key words: 1-jet fibre bundle, PDE systems, harmonic maps, inverse problem, 
generalized Maxwell and Einstein equations. 



1 Generalized Lorentz-Udri§te world-force law and 
a generalized approach of inverse problem 

Let T and M be two smooth, real, connected manifolds of dimensions p and n, 
with coordinates (t a ) a= Y^; and {x l ) i= Y^- Greek, respectively Latin, letters will be 
used for indexing the components of geometrical objects attached to the manifold T, 
respectively M. 

From physical point of view, T is regarded like a "multi-temporal" manifold while 
the manifold M like a "spatial" one. Let us consider the jet fibre bundle of order one 
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J 1 (T, M), which is well known as a basic object in the study of classical and quantum 
field theories. The local coordinates on J l (T, M) are (t a , x % , x % a ) , where x % a have the 
physical meaning of "partial directions" or "partial derivatives". 

Let us start with a given d-tensor xj*\(1P ,x k ) on J 1 (T, M), which defines the 
PDEs system of order one 

4 = *S(* 7 ,z fc (* 7 )), 

where = ~q^- Obviously, the complete integrability conditions, 

dxj% dxf\ . . ex\% dx\% . . 

W r (a) y(m) _ (/3) (g) y(m) 

9^ 9a;" 1 ^ dt a dx m M ' 

are required by the existence of solutions. 

The Lorentz world- force law, initially stated for particles in non-quantum relativity 
[ fu] , was generalized by Udrisste, using the notion of potential map Jl9|], p2| . In this 
direction, starting with h = {hap^t 1 )) and <p = ((fiij(x k )) as semi-Riemannian metrics 
on T, respectively M, the first author proved the following 

Theorem 1.1 ( Lorentz- TJdriste World- Force Law) 

Every C 2 solution of the PDEs system (1.1) is a horizontal potential map of the 
semi-Riemannian-Lagrange manifold 

(T xM,h+ V, M\2 )p = -K^V N £)j = ijm< - Fja), 

where H^g (resp. jj k ) are the Christoffel symbols of h a p (resp. ipij), and 

is the external distinguished tensor field which characterizes the helicity of the distin- 
guished tensor field X(2) ' 

A new version of the Lorentz-Udriste World-Force Law was formulated by the 
second author. Its advantage is the possibility of construction a generalized field 
theory, naturally attached to the PDEs system (1.1). 

In order to give this version, we suppose that the metrics h and tp are just Rieman- 
nian metrics and we endow the jet fibre bundle J (T, M) with the canonical nonlinear 

(i) (i) 

connection Fo = (M (a)p> N ( a )j) associated to the Riemannian metrics pair [h, ip), 
where 

M( a )p = ~Hap x lt> 

JV (a)j ~ Ijm^a ■ 

At the same time, let us consider BTq = (-ff 7 «,0, 7^)0) the Berwald To-linear con- 
nection on J X {T,M) and "//p", "y", "||[f?" its local covariant derivatives @. 

Taking into account the ^-independence of the d-tensor field X}A , by a simple 
calculation, we obtain 
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Proposition 1.2 The horizontal local covariant derivatives of have the follow- 
ing expressions: 

dx ( ; ] 



X 



M///3 - 



l (a) 



dtP 



y(0 ttM 



X 



(i) _ ^(i) , y (tn) < 



In this context, supposing that T is a compact and orientablc manifold, it follows 



the following generalization of the Theorem 1.1 



Theorem 1.3 (Generalized Lorentz-Udriste World-Force Law) 

The C 2 solutions of the PDEs system (1.1) are harmonic maps of the multi-time 
dependent spray (H,G) on J l (T,M), defined by the temporal components 

(1.2) 

and the local spatial components 



H (€) - --H 1 x l 



where, 



F' 



+ X\\, x^ + Xfl,, }, p = dimT. 

(i/)||m M J ' r 



in other words, the C 2 solutions of (1.1) verify the harmonic map equations ^J, J71|/ ; 



,«/3 J™* 

1 i^a/ 



2if, 



(a)/3 



= 0. 



Proof. Let us consider the multi-time least squares Lagrangian 



xl - X 



(i) 
(«) 



X /3 ^(/3) 



£ = ||C - X|| 2 V^= [happ^x") 



where 
(1.3) 



r - t- 4 " TT^ - -9h a V, n - x ym 



(m) 



and let Ec ■ C 2 (T,M) — > i? + (note that the Riemannian metrics h a p and are 
positive definite) be the least squares energy of C, i. e. , 



Cdt 1 A dt 2 A ... A dt p 



|C - Xll 2 ^^ 1 A dt 2 A . . . A dt p > 0. 



It is obvious now that / G C 2 (T,M), locally expressed by (V) — » (x l (t' y )), is a 
solution of the PDEs system (1.1) iff the map / is a global minimum point for the 
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least squares energy functional £c- Therefore, a C 2 solution / of (1.1) verifies the 
Euler-Lagrange equations, 



(1.4) 



d£ __d_ ( dC 

dx i ~ dt a \ dxi 



0, Vi = l,n. 



But, we proved in the paper || that the Euler-Lagrange equations (1.4) can be rear- 
ranged in the general Poisson form, 



1 \ X af: 



2H, 



(0 
(a)/3 



where the temporal spray components H(w\p are gi ven by (1.2), while the spatial 
spray components have the expressions 



2G W 



= 0, 



1 



where p = dim T and 



4p 



f/ (Q) - 



[Ijm M 



at/, 



O) 
(0 



"(0 a m dx i 



dU. 



(a) 



Now, using the relations (1.3) and direct computations, it follows 



U {a) 



-2h af * 



dU, 



(a) 
(0 



(/*)//«" 



Remark 1.1 The method used in the proof of the theorem 1.3 is a general one 
and may be called the least squares variational calculus method. For example, let us 
consider X a d- tensor field on the jet fibre bundle of r-order J r (T,M), supposed as 
being endowed with an "a priori" Riemannian metric <, >, and let X(t, x^ r ') = be 
the associated r-order PDEs system. Automatically, we can attach a least squares 
problem of variational calculus, using the Lagrangian function L = ||A|| 2 , where the 
norm || || is buildet by the metric <, >. This remark works on any DEs or PDEs 
system. As example, the Yang-Mills functional 



yM(v) 



1 



\R v \\ 2 dV, 



M 



on the space of connections V, is the least squares functional attached to the PDEs 
system i? v = 0. In this sense, yA4(V) measures the deviation from flatness. 



The theorem 1.3 shows that the C 2 solutions of the PDEs system (1.1) can be 
viewed like some harmonic maps on J 1 (T, M), via two "a priori" fixed Riemannian 
metrics h on T, respectively ip on M. 



4 



We recall the well known fact that paracompactness of a real manifold implies 
the existence of a Riemannian metric. So, we can restrict the imposed condition 
concerning the "a priori" existence of the Riemannian metrics h and (p, supposing 
the paracompactness of the manifolds T and M. 

In conclusion, we can formulate the following 

Corollary 1.4 IfT and M are paracompact manifolds, then the C 2 solutions of the 
PDEs system of order one (1.1) can be regarded like harmonic maps on the jet fibre 



bundle of order one J l {T, M), in the sense of theorem 1. 



In the sequel, let us denote J S (T,M) the total space of the jet fibre bundle of 
order s, whose local coordinates are 

(t x^) = it 1 x k x k x k x k ) 

V ' ^ / \ > ^ ' 71 ' 7172 ' ' ' ' ' 7l72---7a 

where the coordinates x k l72 li , I € {1, 2, . . . , s}, fee {1,2,..., n}, have the meaning 
of "partial derivatives of order I of the spatial variables x k , with respect to the temporal 
variables f 1 , i 72 , . . . , t 7i ". 

Lemma 1.5 The dimension of the total space of the jet fibre bundle J S (T,M) is 

p + n^ + c^ + .-. + c;- 1 ] , 

where dimT = p and dim M = n. 

Let us consider the PDEs system of order r > 1 on J r (T, M) , locally expressed by 

(1-5) X uiu 2 ...ar-ia r = X a!a 2 ...a r _ 1 (a r )( t ' X< ' r 

where X l ' , . is a d-tensor field on J r (T, M), with respect to the indices i 

Ql Q2 ■ ■ .Otr— 1 [Otr ) K ' 

and a r . 

Let M be the submanifold of J r (T,M), whose coordinates are only 
2;( r_1 ) = (x k , x k x , x k il2 , . . . , xk ill2 ... lr _ 1 )- In these conditions, we deduce the following 
important result. 

Theorem 1.6 (Geometrical Solution of Generalized Inverse Problem) 

If the manifolds T and M are paracompact, then the C r+1 solutions of the PDEs 
system (1.5) can be viewed like harmonic maps on the jet fibre bundle of order one 
J 1 (T, M), whose dimension is 

p + (p + i) [c° p + c x v + . . . + c;- 1 ] n, 

where dimT = p and dimAf = n. 

Proof. Obviously, the paracompactness of the manifolds T and M implies the para- 
compactness of the jet fibre bundle J r (T, M) and, implicitly the paracompactness of 
M. Moreover, if (x^ r ^ 1 ' ) ) = (x k , x*,x* , . . . , x ^ 11l2 ... lr _^) are the coordinates of M 
and (x i ( r-1 )) = (x l ai0l2 a ), then the PDEs system (1.5) writes in the form, 



Now, the theorem 1.3 implies the required result. 
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Remark 1.2 In a general approach of the well known inverse problem, we consider 
that the previous theorem gives a final geometrical answer for this open problem. 
From our point of view, the old classical open problem was not solved because of two 
reasons: 

i) Firstly, it was incorrectly formulated; 

ii) Secondly, almost all attempts of solving this problem used an unsuitable La- 
grangian function space of possible solutions. 

In our opinion, the inverse problem must be formulated in the following way: 

Generalized Inverse Problem: Find a space of Lagrangian functions such that 
the C 2 solutions of a givenPDEs system to become solutions of the Euler-Lagrange 
equations of a Lagrangian on this space. 



2 From PDEs system of order one and metrics to 
generalized Maxwell and Einstein equations 

Let us return to the PDEs system of order one, given by (1.1). The theorem [T^ 
ensures us that a C 2 map / is a solution of PDEs system (1.1) iff / is a global minimum 
point of the energy functional produced by the multi-time Lagrangian 
whose least squares Lagrangian function L : J 1 (T, M) — > R is expressed by 

(2.1) L = ||C - X|| 2 = ^(^)^-(x fc )44 + Ufa\ti,x k )xi, + *(f - k 



where U$ = -2h a »ip m X$ and $ = hrtp ra X$X$>. 

But, the Lagrangian function L is a natural generalization of the classical La- 
grangian of electrodynamics || , which governs the movement law of a particule placed 
concomitantly into a gravitational field and an electromagnetic one. For that reason, 
in our generalized context, the Ricmannian metric h a $ (resp. tpij) will have the tem- 
poral (resp. spatial) gravitational potential physical meaning, the components X^ 
that of electromagnetic potentials on J 1 (T, M), and F that of the potential function. 

In this geometrical-physical context, following the terminology used in ||, we can 
introduce 

Definition 2.1 The pair (J 1 (T, M), L), which consists of jet fibre bundle of order 
one and a Lagrangian function of the form (2.1), is called the canonical autonomous 
metrical multi-time Lagrange space of electrodynamics, attached to the PDEs system 
(1.1) and to the Riemannian metrics h and if, and is denoted PDEsEDML™. 

On the jet fibre bundle of order one J 1 (T, A/), a natural generalized theory of 
physical fields, attached to a given multi-time Lagrangian function of electrodynamics 
type was recently developed by the second author |)| . Consequently, via the canonical 
autonomous metrical multi-time Lagrange space of electrodynamics PDEsEDML™, 
we can construct a natural physical field theory, in a general setting, arising only from 
the PDEs system (1.1) and two "a priori" given Riemannian metrics h a p and (fij. 



Definition 2.2 The multi-time dependent spray (H,G) used in the theorem 1.3 
called the canonical multi-time dependent spray attached to PDEsEDML™. 



is 
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Using the canonical multi-time dependent spray (H, G) , one naturally induces 
a nonlinear connection T = {M^X^N^X.) on J X (T, M), which is also called the 
canonical nonlinear connection of the autonomous metrical multi-time Lagrange space 
of electrodynamics PDEsEDML™. In this direction, denoting Q l = h a ^G^)pi we 
establish the folowing 

Theorem 2.1 The canonical nonlinear connection of the autonomous metrical multi- 
time Lagrange space of electrodynamics PDEsEDML™ is determined by the temporal 
components 



(a)/3 (a)P ly± (a)f3 



and the local spatial components 



jy(«) _ d & h _ F i 

{a)i ~ dx> (°W jaJ 



o (*) o W 

where M( a ) /3 = -Hap x \' N (a)j= l)k x a> and the d-tens or field 



J Q 2 



characterizes the helicity of the d-tensor field • 

To determine the generalized Cartan canonical connection CT of the autonomous 
metrical multi-time Lagrange space of electrodynamics PDEsEDML™, together 
with its torsion and curvature local d-tensors, we use the adapted dual bases 
& S d 1 

-— , — — , —— > C X{E) and {dt a , dx\ Sx l a } C X*(E) of the nonlinear connection 

(J V (J (J iAJ q J 

T, via the formulas 



(2.2) 



5 


d 


{P)a dx^ 


St" 




5 

Sx l 


d 

~ dx 1 


- N U) — 


sxi 


= dx l a 





In this context, by simple computations, we find 



Theorem 2.2 i) The generalized Cartan canonical connection CT of the metrical 
multi-time Lagrange space PDEsEDML™ has the adapted components 

H Zp = H Zpi G r< = °> L )k = 7jfc. = 0. 

ii) The torsion T of the generalized Cartan canonical connection of the au- 
tonomous metrical multi-time Lagrange space of electrodynamics PDEsEDML" is 
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determined by three adapted local d-tensors, namely, 



R 



R 



(<) 



A («)l|j7//9 ^ ^(a)||r///3^ 



X 



where H^ffj (resp. r l - k ) are the local curvature tensors of the Riemannian metric h a p 
(resp. (fiij), and 



X 



X 



(")lbV//3 
W 

(<>)IIjP' 



ax 



(<) 



9f3 

(°0lb 
dx k 



X 



(i) 



Wli a?' 



y( m ) v 

•^■( a )||j7mfe 



(i) 



(a)||m 'J 



7ifc- 



r^ fc , t/iai is, 



Hi) The curvature R 0/ the generalized Cartan canonical connection of the au- 
tonomous metrical multi-time Lagrange space of electrodynamics PDEsEDML™ is 
determined by two adapted local d-tensors, namely, H^g and R 1 ^ 
exactly the curvature tensors of the Riemannian metrics h a p and ipij 

Remarks 2.1 i) Both Cartan and Berwald connections on J 1 (T, M) have the same 
adapted components. However, they are two distinct linear connections. This is 
because the Cartan connection is a T-linear connection while the Berwald connection 
is a To-linear one. 

ii) Let "/p", "y" and be the local covariant derivatives of the Cartan con- 



'(i) 

nection CT, and let us consider a distinguished tensor field D = (D 



od(j)(5). 

7*08) (0- 



), whose 

components do not depend on the partial directions x™. In these conditions, we 
obtain without difficulties that 



D 



ai(j) (*)... 
~/k((3)(l)...\A 



= D 



ai(j)(S)... 
7 k(/3)(Q...!IA> 



rc- 



where "u", respectively "ha", is one of the local operators " /p", "|/' or 

spectively " ///3 ", or 

iii) The only geometrical objects of PDEsEDML™, effectively dependent of the 
PDEs system (1.1), are the spatial nonlinear connection components N^X- and the 



(i) 

adapted local torsion d-tensors R^)f3j> J - L ( a )jk' 

In the sequel, following the paper ||, we shall write the generalized Maxwell and 
Einstein equations produced by PDEsEDML™. 

Theorem 2.3 i) The electromagnetic distinguished 2-form of PDEsEDML™ is 



R 



(0 



F = F$.6x i a Adx j , 



where 



■?(.<*) _ 



h a ^ 



,x 



(m) 
(M) 



(m) 



- 1 _ in YV n J 

|| j 
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ii) The electromagnetic local components of the autonomous metrical multi- 

time Lagrange space of electrodynamics PDEsEDML™ are governed by the following 
generalized Maxwell equations, 



F, 



(a) 



{id} 



Pi 



X 



(m) 

(p)\\j//0 



I £-{i,j,k}*(i)j\\(k) - u 



where -4{ij} represents an alternate sum and j k x means a cyclic sum. 



Theorem 2.4 i) The gravitational h-potential on J (T,M), induced by the metrical 
multi-time Lagrange space PDEsEDM L™, is given by the Sasakian-like metric 

G = h a pdt a ® dt 13 + Lpijdx 1 ® dx j + h^tpijSx^ ® Sx^. 

ii) The generalized Einstein equations which govern the gravitational h-potential G of 
PDEsEDMLp are locally expressed by 



(Ei) 



H + r 



H + r 

2 rij ~ l^ J ij 



H + r 



h ap ipij = KX 



(«)(« 
W(j) ' 



(E2) 



T . 

-Lai 1 



= %a 



= Z 



(a) 



(0) 
(i) ' 



= Z 



(a) 
(i) ' 



(a) 



where Tab, A,B€ {a,i, W} represent the components of an intrinsic stress-energy 
d-tensorT of matter on J 1 (T,M), H<x3 (resp. ru) are the components of Ricci tensor 
of h a p (resp. tpfj), and H (resp. r) is the scalar curvature of the Riemannian metric 
h af3 (resp. ifiij). 

Hi) The components T^a and T m j of the stress-energy d-tensor T of the metrical 
multi-time Lagrange space PDEsEDML™ satisfy the classical conservation laws, 



rr-H 



1 oh 



0. 



Remark 2.2 The theorems 2.3 and 2.4 emphasize that only the electromagnetic field 



F of the PDEsEDAILp is effectively dependent by the PDEs system (1.1), via the 
electromagnetic potentials Xffi • Consequently, in order to obtain some information 
upon the PDEs system (1.1), via the canonical attached generalized field theory, it is 
interesting to study only the electromagnetism generated by this system. 
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3 Generalized electromagnetic theory induced by 
remarkable PDE systems 



In this section we will consider some important particular PDE systems of order 
one and we apply them the previous general geometrical and physical results. Taking 
into account the remarks 2.1 and 2.2, we will study only the geometrical and physical 
objects which are effectively determined by these systems (i.e. , the nonlinear con- 
nection, the torsion d-tensors and the electromagnetic field) . From this point of view, 
we will ignore their attached generalized gravitational theory, because it is dependent 
only of the Riemannian metrics used in the construction of the metrical multi-time 
Lagrange space PDEsEDML™. 



3.1 Orbits 

Let T = [a, b] C R, h n (t) = 1 and X$(t, x k ) = C(x k ), where f (x k ) is a d-vector 
field on J 1 ([a, b],M). The PDEs system (1.1) becomes 

dx l 



(O) 



dt 



that is, the DEs system which gives the orbits of the spatial vector field £. 

In this context, the C 2 orbits of £ are the global minimum points of the least 
squares energy functional 



[^(x k )yY -2&(a;V 



' V)] dt, 



where y l = x\ = dx l /dt, ^(x k ) = tp ]m (x k )£ m (x k ) and ||£|| 2 (x k ) = £ m (x k )£ m (x k ). 

Theorem 3.1 i) The canonical nonlinear connection, induced by the system (O) on 
J 1 ([a, b], M) = TM, is given by the components 



M {1)1 - U, IV (1)j 



l r 



t% ,J>T£8 ,„ 



ii) The torsion T of the generalized Cartan canonical connection, induced by the 
differential system (O), is determined only by the local components 



1 



Hi) The electromagnetic components of the metrical time- dependent Lagrange space 
of electrodynamics, induced by the orbits system (O), have the expressions 

F l$j = \ fciii - Oik] ■ 

Moreover, they are governed by the following generalized Maxwell equations: 

0. 



*(i)j||fc 

{i,j,k} 



10 



3.2 Pfaffian systems 

Let M = R, <pu(x) — 1 and X^(t J , x) — A^t 1 ), where A a (t"<) is a distinguished 
1-form on J 1 (T, R) . The C 2 solutions of the Pfaffian system 

(P) x a =A a (F), 

are the global minimum points of the least squares energy functional 

£a = J [h a0 {ft)x a xp - 2A a (^)x a + WAfif)] Vhdt, 

where x a =x\ = dx 1 /dt a , A a {t~<) = h a ^(^)A^) and ||A|| 2 (f) = A^t^A^f). 

Theorem 3.2 i) The nonlinear connection on J 1 (T, R), induced by the Pfaffian sys- 
tem (P), has the components 

MR R = -HZ a Xu, tf 1 ], = 0. 

(a)P aft h 1 ' (ce)l 

ii) The only local torsion d-tensor, induced by (P), which does not vanish is 

Hi) The electromagnetic components F^Q, induced by the Pfaffian system (P), 
vanish. 

3.3 Continuous groups of transformations 

The fundamental PDEs system of a transformations group having the infinitesimal 
generators {£ a (x k )} a= — , as d-vector fields on J X (T, M), is 

c 

(G) < = £a(^(* 7 ))^(* 7 ), 

a=l 

where {A a {t~>)} a= — arc d-forms on J X (T,M). 

Theorem 3.3 The C 2 solutions of the PDEs system (G) are the global minimum 
points of the least squares energy functional 

£iA = J [h^ipijx^ - 2A aa Z aj x{+ < A a ,A b >< £a,6 >] Vhdt, 

where 

A aa {f) = h a ^(t^)A^), 

^ aj (x k )= Vjm (x k )^(x k ), 

< A a ,A b > = h af3 {V)A a a {V)A b 3 {V), 

<^b>{x k )=^j{x k )^{x k )^{x k ). 
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Theorem 3.4 i) The canonical nonlinear connection on J (T, M), induced by the 
PDEs system (G), is determined by the components 



M, 



(0 

(a)0 



(i) 



A" 



£1 ,J>T£8 



ii) The local d-torsions which characterize the geometry of J (T,M), attached to 
the PDEs system (G), have the expressions 



J3W — „ ZTM T i 



R 



(a), 
W 

(")/3j 



R(a)jk ~ r jkm X a 



A" r 



^a\\j\\k ~ f ^aWrWkfsj 



Theorem 3.5 i) The components of the electromagnetic field F of the metrical multi- 
time Lagrange space attached to the PDEs system (G), are 

~ ~~2~ \f* ai \\j ~ Co, J 1 1 i ] • 

ii) The following generalized Maxwell equations, derived from the PDEs system 
(G), hold good: 

51 F m\k = °> F 0Qjll(fe) = °- 

{i,j,k} {i,j,k} 

3.4 Constrained potentials of physical fields 

Let {E, it, T) be a vector bundle of rank q over the Ricmannian temporal 
manifold (T, h) , whose structural group is the compact Lie orthogonal subgroup 
G C O q (R). Let {o~ a } a= Y7j De l° ca l basis of cross-sections on E, and let us con- 
sider g — (g a b) a b=T~q ^ ^> ^ ne coordinate transformations of the bundle E. 

Let F € L(A 2 r*r <g> End(E)) be a fixed £nd(.E)-valued 2-form on T, locally 
expressed by 

F= F af3 dt a A dt 13 , 

l<a<(3<p 

where the components F a p = {F£ a p) a b= Y^ are skew-symmetric matrices (i. e. , 
F a/3 e L(G) C L(O q (R)) = o(q), V a,f3 e {1, . . . ,p}). Physically, the cross-section F 
is a geometrical model for a given physical field, in Yang- Mills sense. For example, F 
can be one of the gravitational, electromagnetic, strong or weak nuclear fields [||. 

Let V € T(A 1 r*T ® End(E)) be a G-covariant derivative on _E, whose locally 
described by 

V = V Q di Q , 

where V Q = (V£ Q ) a 6= j^ e ^(C) C o(q), V a € {1, . . . ,p}. From a physical point of 
view, the G-connection V can be viewed like a possible potential of the physical field 
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F. We recall that a potential of the physical field F, in the sense of Yang-Mills, is a 
G-connection V on E, which verifies the local identity 

(3.1) F a/3 = ^--^+V a V -V V a , Va</Je{l,...,p}. 

In the sequel, we will show that the G-potentials V of the given physical field F 
are harmonic maps on the jet space J X (T, M), where M = k 1 T*T <g> End(E). 

To reach this aim, let us suppose that the set of partial derivatives 
dV a /dtP, V a < [3 verifies the constraints on J X (T, M), 

(C) ^ = / a/3 (i 7 ,V M ), Va</3, 

where / a /3(t 7 , V M ), V a, /3 <G {1,2,... are "a priori" given local components of 
a geometrical object on J (T,M), which, under a multi-temporal reparametrization 
<-> (i^ 1 ), transform like the local components dV a /dt^, V a,/3 = In this 
context, from PDE equations (3.1) we obtain 

= V Q V,3 - V/jVa + /^(i 7 , V„) - Fa/9(t 7 ), V a > (3. 

Consequently, the PDE equations (3.1), constrained by (C), can be rewritten in the 
equivalent PDEs system form on J X (T, M), 

(CPS) -q$T = F{«){P)W >V »), Va,/?=l,p, 



where 

/a/»(t 7 ,V M ), Va</3 
- V^Va + /^(tT, V„) - F a/J (tT), V a > 13. 

Obviously, the PDEs system (CPS) is equivalent to 

(CPS') _M = ^ (a)(/J) (t7 >V/1 ), V«,^U Va,6 = I^. 

Taking into account the Riemannian structure induced from T on A 1 ! 1 * T, 

< dt a A eft", df A dt" >= h a ^h pu - /i/ 3 "/^, 

and the well known Riemannian metric on the Lie algebra o(q), 

< A,B >= —Tr(AB t ), \JA,Beo(q), 

we can endow the vector bundle M = K l T*T ® End(E) T with a natural Rieman- 
nian structure, on each fibre. 

Now, applying the ideas of this paper to the PDEs system (CPS'), we obtain the 
following important result: 
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Theorem 3.6 Every G-potential V of the physical field F , which verifies the con- 
straints (C), is a harmonic map on J 1 (T, M), being global minimum point of the 
least squares Lagrangian C = L\fh, where the Lagrangian function L is defined by 

T _ h aP h l»> f dVga T b \ ( dV b/3 a \ 

Remarks 3.1 i) The least squares Lagrangian function L from the previous theorem 
is more general than the Yang-Mills Lagrangian function, whose expression is 

YM = h^h^FtpKw 

Consequently, the Euler-Lagrange equations of the least squares Lagrangian C may 
be called the jet-extension of the Yang-Mills equations. Moreover, the G-connections, 
that verify the PDEs system (CPS'), may be called jet-harmonic Yang-Mills connec- 
tions. 

ii) The use of the least squares Lagrangian in the study of PDEs systems, allows a 
natural approach of the multi-time geometric dynamics, in terms of computer simu- 
lation [ p"3| , ]2l|] . Via the multi-time geometric dynamics and its computer simulation 
induced by a given PDEs system of order one, it is possible to obtain an original geo- 
metrical classification of these systems. This study of classification is in our research 
group attention. 

Open problem. What is the real physical meaning of our geometrical theory? 

Acknowledgments. The authors express their sincere thanks to Professors V. Balan, 
V. Obadeanu and D. Opri§ for their critical reading of an earlier version of this paper. 
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